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Abstract
We investigate the structure of the experimentally significant electroweak bosonic loop
corrections to the leptonic weak mixing angle, the leptonic Z-boson decay width, and the
W-boson mass. It is shown that the bosonic corrections that have a sizable effect at the
present level of experimental accuracy are directly related to the use of the Fermi constant
Gµ as input parameter for analyzing the LEP observables. Indeed, if the (theoretical
value of the) leptonic width of the W boson is used as input parameter instead of the low-
energy parameter Gµ determined from muon decay, fermion-loop corrections are sufficient
for compatibility between theory and experiment.
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1 Introduction
The data taken at the Z-boson resonance at LEP1 and the determination of the W-boson
mass provide the most stringent test of the electroweak Standard Model (SM) at present.
As previously emphasized [1], genuine precision tests of the electroweak theory require an
experimental accuracy that allows to distinguish between the pure fermion-loop and the
full one-loop predictions of the theory. This accuracy was first reached in 1994. Indeed, by
systematically discriminating between fermion-loop (vacuum-polarization) corrections to
the photon, Z- and W±-boson propagators and the full one-loop results, it was found [2, 3]
that contributions beyond fermion loops are required for consistency with the experimen-
tal results on the leptonic Z-peak observables and the W-boson mass. While the pure
fermion-loop predictions were shown to be incompatible with the data on the leptonic
Z-boson decay width Γl, the effective weak mixing angle s¯
2
W
, and MW± , the complete one-
loop prediction of the SM provides a consistent description of the experimental results.
Consequently, the data have become sensitive to the non-Abelian gauge structure of the
standard electroweak theory entering the bosonic radiative corrections.
The investigations performed in Refs. [2, 3] differ from related work [4] that is con-
cerned with the evidence for radiative corrections beyond the α(M2Z)-Born approximation.
While the α(M2Z)-Born approximation contains fermion-loop corrections to the photon
propagator only, in Refs. [2, 3] the full fermion-loop predictions are compared with the ex-
perimental data and the complete SM result, thus exploring the nature of the electroweak
loop corrections and revealing that in fact bosonic electroweak corrections are required for
consistency with the data. The experimental evidence for bosonic loop corrections was
also explored for the single observable s¯2
W
in Ref. [5] and for MW± in Ref. [6].
The necessity of taking into account standard bosonic corrections for consistency with
the data thus being established, it is desirable to explore the detailed structure of those
bosonic corrections to which the experiments are actually sensitive. This is the topic of
the present article. In order to investigate the structure of the radiative corrections it
is convenient to employ a suitable set of effective parameters. In Ref. [2] three effective
parameters, ∆x, ∆y, and ε, have been used to accommodate the radiative corrections to
the observables Γl, s¯
2
W
, and MW± . These parameters quantify possible sources of SU(2)
violation in the framework of an effective Lagrangian [7] for electroweak interactions. They
are directly related to observables and are thus manifestly gauge-independent quantities.
This analysis was extended in Ref. [3] by including also the hadronic decay modes of
the Z boson. It has been shown that the experimentally resolved bosonic corrections are
entirely contained in the single parameter ∆y (corresponding to ε2 in the notation of
Ref. [8]), which in turn is extremely insensitive to variations in the Higgs-boson mass.
The parameter ∆y relates the effective charged-current coupling, gW±(0), determined
from muon decay via the Fermi constant Gµ, to its neutral-current counterpart, gW0(M
2
Z),
appearing in Z-boson decay. Thus, ∆y quantifies isospin breaking between the neutral-
current and charged-current interactions as well as the transition from the low-energy
process muon decay to the energy scale of the LEP1 observables, i.e. the Z-boson mass.
The isospin-breaking effect in the (W±,W 0) triplet will be studied in Sect. 2 of the
present paper by relating Z-boson decay to W±-boson decay. It will be shown that the
bosonic contribution to the isospin-breaking effect is small in the standard electroweak
1
theory when compared with present (and even future) experimental accuracy. As a conse-
quence, the bosonic corrections significant for the current precision experiments are related
to the transition from the charged-current coupling gW±(0) defined via muon decay to the
charged-current coupling at the scale of the W-boson mass, gW±(M
2
W±), being deduced
from the W-boson decay width into leptons. It will be demonstrated that it is indeed suffi-
cient to combine the fermion-loop predictions with the bosonic contribution furnishing the
transition from gW±(0) to gW±(M
2
W±) in order to achieve agreement between theory and
experiment. The quality of this approximation is illustrated not only at the level of the
effective parameters but also directly for the leptonic LEP1 observables and the W-boson
mass.
In Sect. 3 it will be shown that the occurrence of the experimentally relevant bosonic
corrections could completely be avoided by introducing the W-boson decay width as input
parameter for analyzing the precision data instead of the low-energy quantity Gµ. Using
the SM theoretical value of the leptonic W-boson width as input, it will explicitly be
demonstrated that omission of the standard bosonic corrections to the LEP1 observables
and the W-boson mass does not lead to a significant deviation between theory and ex-
periment. Final conclusions are drawn in Sect. 4. The appendix provides some auxiliary
formulae.
2 Scale-change and isospin-breaking contributions to
the parameter ∆y
2.1 Definitions
We work with the effective Lagrangian L = LC + LN for LEP1 observables introduced in
Refs. [2, 3, 7]. In the leptonic sector SU(2)-breaking effects are quantified by the parame-
ters x, y, ε. More precisely, x is defined as the mass ratio in the (W±,W 0) triplet,
M2W± = xM
2
W0 = (1 + ∆x)M
2
W0 , (1)
y as the ratio of the effective W± and W0 couplings to charged leptons,
g2W±(0) = yg
2
W0(M
2
Z) = (1 + ∆y)g
2
W0(M
2
Z), (2)
and ε quantifies SU(2) violation in γW 0 mixing,
Lmix = −
1
2
e(M2Z)
gW0(M
2
Z)
(1− ε)AµνW 0,µν . (3)
In this section we focus on the parameter y, which is the only one incorporating sig-
nificant bosonic corrections. The charged-current Lagrangian LC has the form
LC = −
1
2
W+µνW−µν −
gW±√
2
(
j+µW
+µ + h.c.
)
+M2W±W
+
µ W
−µ. (4)
In Refs. [2, 3, 7] the charged-current coupling gW± in (4) was defined with respect to muon
decay, i.e. at a low-energy scale, as
g2W±(0) ≡ 4
√
2GµM
2
W± . (5)
2
The choice of the low-energy quantity gW±(0) is of course dictated by the fact that Gµ
is the most accurately known electroweak parameter apart from the LEP observables to
be analyzed. According to (2), the parameter ∆y describes both the transition from the
charged-current to the neutral-current sector and the change from the low-energy process
muon decay to the energy scale of the LEP observables.
The effective coupling of the W 0 field to charged leptons, gW0(M
2
Z), is derived from
Z-boson decay, i.e. from the neutral-current process where all associated particles are
physical (on-shell). In order to separately study the effect of the isospin-breaking transition
to the charged-current sector, one therefore has to consider the corresponding (charged-
current) process of the isospin partner of the W 0 field, namely leptonic decay of the
W± boson. Accordingly, we introduce the charged-current coupling at the W-boson mass
shell, gW±(M
2
W±), which is derived from the leptonic width Γ
W
l of the W boson,
g2W±(M
2
W±) ≡
48π
MW±
ΓWl
(
1 + c20
3α
4π
)−1
, (6)
where c20 is defined [7] according to
c20s
2
0 ≡ c20(1− c20) =
πα(M2Z)√
2GµM2Z
. (7)
In analogy to (2) we relate gW±(M
2
W±) to gW0(M
2
Z) by a parameter ∆y
IB,
g2W±(M
2
W±) = y
IBg2W0(M
2
Z) = (1 + ∆y
IB)g2W0(M
2
Z), (8)
where the index “IB” refers to weak “isospin-breaking”. In (6) we have introduced a factor
(1 + c203α/(4π)) by convention. It is related to the convention chosen in the treatment of
the photonic corrections to the leptonic Z-boson decay width Γl [2, 3, 7]. The photonic
contributions to Γl are pure QED corrections giving rise to a factor (1 + 3α/(4π)) that is
split off and not included in ∆x, ∆y, and ε. For the decay of the W boson, however, it is not
possible to uniquely separate the QED contribution from the other one-loop corrections.
As isospin breaking is associated with electromagnetic interactions, a meaningful definition
of ∆yIB requires to treat the photonic corrections on the same footing in both the neutral
and charged vector boson decay. One possibility to achieve this would be to include all
photonic contributions into the bosonic corrections both for Z-boson and W-boson decay.
Equivalently, as far as the magnitude of ∆yIB is concerned, one may keep the convention
for the correction factor (1 + 3α/(4π)) in the leptonic Z-boson decay width Γl and split
off the corresponding factor also in the decay width of the W boson, ΓWl . This is the
procedure adopted in (6). The appearance of c20 in the correction factor in the W-boson
decay width is due to the rotation in isospin space relating the physical field Z to the
field W 0 entering the SU(2) isotriplet. Numerically the correction term introduced in
(6) amounts to c203α/(4π) = 1.3 × 10−3. Even though the introduction of this correction
term in (6) is well justified, it is worth noting that a different treatment of the photonic
corrections, such as omission of the correction factor in (6), would only lead to minor
changes that would not influence our final conclusions at all.
In the language of our effective Lagrangian (4), the transition from the charged-current
coupling at the scale of the muon mass, g2W±(0), to the charged-current coupling obtained
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from the decay of the W boson into leptons, g2W±(M
2
W±), is denoted as a scale change effect
and is expressed by a parameter ∆ySC,
g2W±(0) = y
SCg2W±(M
2
W±) = (1 + ∆y
SC)g2W±(M
2
W±), (9)
where the index “SC” means “scale change”. Inserting (8) into (9) and comparing with
(2), one finds that in linear approximation the parameter ∆y is split into two additive
contributions,
∆y = ∆ySC +∆yIB, (10)
which furnish the transition from g2W±(0) to g
2
W±(M
2
W±) and from g
2
W±(M
2
W±) to g
2
W0(M
2
Z),
respectively. Upon substituting (5) and (6) in (9), one finds
∆ySC =
M3W±Gµ
6
√
2πΓWl
− 1 + c20
3α
4π
, (11)
which allows to determine ∆ySC (and consequently also ∆yIB from ∆y according to (10))
both experimentally and theoretically.
In our analysis of the observables Γl, s¯
2
W
, and MW± , which are measured at the LEP
energy scale, the influence of the low-energy input parameter Gµ determined from muon
decay is localized in the single effective parameter ∆ySC. In an investigation performed
directly at the level of the observables, on the other hand, the effect of using this low-
energy input parameter for analyzing high-energy observables cannot be separated from
the other corrections.
The phrase “scale change” used for ∆ySC should not be confused with an ordinary “run-
ning” of universal (propagator-type) contributions. The couplings gW±(0) and gW±(M
2
W±),
being defined with reference to muon decay and W-boson decay, respectively, are obvi-
ously process-dependent quantities. While the fermion-loop contributions to ∆ySC are of
propagator-type, the bosonic contributions to ∆ySC contain self-energy, vertex and box
corrections that cannot uniquely be separated on physical grounds. As all our effective
parameters are directly related to specific observables, i.e. to complete S-matrix elements,
they are manifestly gauge-independent.
2.2 Predictions in the Standard Model
In order to derive the Standard Model prediction for ∆ySC, we have evaluated the one-loop
corrections to the leptonic decay W→ lν¯l, (l = e, µ, τ), where the leptons and light quarks
are treated as massless and the bremsstrahlung corrections integrated over the full phase
space are included in the width. For the calculation of the radiative corrections we have
applied standard techniques, which are e.g. reviewed in Ref. [9]. We have checked that our
result for the O(α) corrections to ΓWl is in agreement with the result of Ref. [10], where
the O(α) corrected ΓWl is given for arbitrary fermion masses.
We obtain for the fermion-loop contribution to ∆ySC
∆ySCferm = Re
(
ΣWT,ferm(p
2)− ΣWT,ferm(M2W±)
p2 −M2W±
)∣∣∣∣∣
p2→M2
W±
p2=0
=
α(M2Z)
16πs20c
6
0
[
c20(6t
2 + 3c20t− 16c40) + 6t(t2 − c40) log
(
1− c20/t
)]
, (12)
4
mt/GeV ∆yferm/10
−3 ∆ySCferm/10
−3 ∆yIBferm/10
−3
120 −7.57 −7.42 −0.15
180 −6.27 −7.79 1.52
240 −5.44 −7.90 2.46
MH/GeV ∆ybos/10
−3 ∆ySCbos/10
−3 ∆yIBbos/10
−3
100 13.72 12.47 1.25
300 13.62 12.42 1.20
1000 13.61 12.41 1.20
Table 1: Fermionic and bosonic contributions to ∆y, ∆ySC, and ∆yIB for different values
of mt and MH.
where ΣWT,ferm(p
2) denotes the fermion-loop contribution to the transverse part of the un-
renormalized W-boson self-energy, and the shorthand t = m2t/M
2
Z is introduced. As can
be seen from (12), the fermionic contributions to ∆ySC are entirely given as the difference
of the vacuum polarization at p2 = M2W± and at p
2 = 0. It does not give rise to log (mt)
terms in the limit of a heavy top-quark mass. For t → ∞ the fermionic contribution
∆ySCferm is entirely given by the constant part arising from light fermion doublets,
∆ySCferm(dom) ≡ ∆ySCferm
∣∣∣∣
t→∞
= −3α(M
2
Z)
4πs20
∼ −8.01× 10−3, (13)
which reflects the fact that the scale change between zero-momentum squared and M2W±
becomes irrelevant for the contribution of an infinitely heavy top quark in the loop, i.e. the
top quark decouples in the scale-change contribution. The negative sign of ∆ySCferm, accord-
ing to the definition (9), shows that in analogy to the QED case the fermion loops lead to
an increase of gW±(M
2
W±) relative to gW±(0).
The fermion-loop contribution to ∆yIB can directly be obtained from (10) of the pre-
vious section and formulae (19), (A.1) of Ref. [2]. We give the dominant term in the limit
of a heavy top quark,
∆yIBferm(dom) =
α(M2Z)
8πs20
[
log(t) + 6 log(c20)−
1
2
+
40s20
3
− 160s
4
0
9
]
, (14)
which approximates ∆yIBferm up to terms of O(1/m2t ). Numerically we have ∆yIBferm(dom) =
1.89×10−3 formt = 180GeV. In distinction to (12), the effect of isospin breaking increases
logarithmically with mt.
In Tab. 1 we give numerical results for the fermionic and bosonic contributions to ∆y,
∆ySC, and ∆yIB for different values ofmt andMH. Table 1 shows that for reasonable values
of the top-quark mass the asymptotic expansions (13) and (14) obtained for an infinitely
heavy top quark agree with the exact results for ∆ySCferm and ∆y
IB
ferm within 1 × 10−3,
justifying the terminology “dominant”.
We turn to the bosonic contributions ∆ySCbos and ∆y
IB
bos to ∆y. They are insensitive to
variations in the Higgs-boson mass MH, as in particular they do not contain a log (MH)
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term for large MH. The absence of a log (MH) contribution in the sum ∆y = ∆y
SC+∆yIB
was analyzed in Ref. [11] where it was shown that the heavy-Higgs limit of ∆y in the SM
coincides with the prediction in the Higgs-less (non-renormalizable) massive vector-boson
theory (i.e. the SU(2)×U(1) gauged non-linear σ-model) which corresponds to the SM in
the unitary gauge without physical Higgs field. The lack of a log(MH) term in ∆y can
also be understood from the (custodial) SU(2)C symmetry of the SM. Even though loop
corrections do not necessarily respect this symmetry, SU(2)C-breaking terms generated
by loops with a heavy Higgs-boson are nevertheless suppressed by a factor 1/M2H relative
to naive dimensional analysis. This result can be read off from the general effective one-
loop Lagrangian [12] which quantifies the difference between the SM with a heavy Higgs
boson and the massive vector-boson theory. For the SU(2)C-breaking parameter ∆y the
1/M2H suppression implies the absence of a log(MH) term, in distinction from ε which
corresponds to an SU(2)C-conserving interaction and contains a log(MH) term, although
both ∆y and ε are related to dim-4 interactions. The SU(2)C-violating parameter ∆x
behaves like log(MH), as the M
2
H log(MH) term naively expected for this dim-2 interaction
term is absent.
Consequently, in the limitMH →∞ the bosonic contribution to ∆ySC has the constant
value
∆ySCbos(dom) ≡ ∆ySCbos
∣∣∣∣
M2
H
→∞
=
α(M2Z)
16πs20
[
1
6c40
(18− 81c20 + 157c40 + 296c60 + 32c40s20π2)− 16(2 + c20)C7
+
4
c60
(1− 2c20)(1 + c20)2C6 +
1
2c60
(1 + 13c20 − 52c40 − 28c60)f2(c20)
− 1
2c60s
2
0
(1 + 18c20 − 103c40 + 94c60 + 36c80 − 40c100 ) log(c20)
]
+ c20
3α
4π
. (15)
The definitions of the function f2(x) and the abbreviations C6 and C7 are given in App. B.
Numerically (15) amounts to
∆ySCbos(dom) = 12.41× 10−3. (16)
Comparison of (16) with the values of ∆ySCbos for non-asymptotic values of MH in Tab. 1
shows that ∆ySCbos(dom) is sufficiently accurate for all practical purposes. For completeness,
we nevertheless give the numerically irrelevant terms of O(1/M2H) in the appendix.
As can be seen from (13), (16) and Tab. 1, the fermionic and bosonic corrections to
∆ySC enter with different signs. This leads to strong cancellations in ∆ySC and ∆y.
The analytic result for the isospin-breaking contribution ∆yIBbos can be obtained using
formulae (20), (22), (A.2) of Ref. [2] and (33)–(38) of Ref. [3]. In the limit of an infinitely
heavy Higgs-boson mass it reads explicitly
∆yIBbos(dom) ≡ ∆yIBbos
∣∣∣∣
M2
H
→∞
=
α(M2Z)
16πs20
[
−2s
2
0
3c40
(5 + 9c20 − 140c40 + 278c60 + 120c80 + 8c40π2)−
16
c20
(1− 2c20)3C1
6
− 8(1 + c20)2C2 − 16c40(2 + c20)C3 −
4
c60
(1 + c20)
2(1− 2c20)C6 + 16(2 + c20)C7
− (1 + 26c20 − 20c40 − 40c60)f1(c20)−
1
6c60
(2 + 23c20 − 88c40 − 36c60)f2(c20)
+
1
6c60
(2 + 43c20 − 150c40 − 60c60 + 72c80) log(c20)
]
− c20
3α
4π
= 1.20× 10−3. (17)
The Higgs-mass dependent remainder part of ∆yIBbos, which is explicitly given in App. A,
is again numerically completely negligible (see Tab. 1).
It is worth noting that our investigation of ∆ySC, as a by-product, has lead to a
compact expression for the SM one-loop result for the leptonic W-boson decay width ΓWl .
According to (11), ΓWl is expressed in terms of ∆y
SC and MW± ,
ΓWl =
M3W±Gµ
6
√
2π(1 + ∆ySC)
(
1 + c20
3α
4π
)
, (18)
where the SM prediction for ∆ySC is given in (12), (15), (A.1), and the one for MW± in
terms of ∆x, ∆y, ε is given in Refs. [2, 3].
2.3 Comparison with the experimental data
In Fig. 1 the theoretical result for ∆y and the predictions for various contributions to ∆y
are compared with the experimental value of ∆y, ∆yexp = (5.4± 4.3)× 10−3. The exper-
imental value of ∆y is based on the data presented for the observables s¯2
W
, Γl, MW±/MZ
at the 1995 Summer Conferences [13] (see (20) below) and is obtained according to the
method described in Ref. [7].
Fig. 1 demonstrates that the bosonic and also the fermionic isospin-breaking contribu-
tions, i.e. both the difference between ∆yferm and ∆y
SC
ferm as well as the difference between
∆y and (∆yferm+∆y
SC
bos), are considerably smaller than the experimental error of ∆y. The
pure fermion-loop contribution to ∆y, as previously observed [2, 3], is inconsistent with
the experimental data. For full agreement with the data it is sufficient to add the bosonic
scale-change contribution, ∆ySCbos, to the fermion-loop result, while the bosonic isospin-
breaking correction, ∆yIBbos, which is about an order of magnitude smaller than ∆y
SC
bos (see
Tab. 1), is below experimental resolution.
Combining our present result with previous ones [2, 3] on ∆x and ε, we find that the
approximation
∆x ≈ ∆xferm, ∆y ≈ ∆yferm +∆ySCbos, ε ≈ εferm, (19)
leads to results that deviate from the complete one-loop prediction for the effective param-
eters by less than the experimental errors. In other words, the experimentally significant
bosonic corrections are completely contained in the effective parameter ∆ySCbos that quan-
tifies the effect of using the low-energy input parameter Gµ for analyzing observables at
the LEP energy scale. We recall that ∆ySCbos, while being dependent on the non-Abelian
couplings of the gauge-bosons, is totally insensitive to variations in the Higgs-boson mass.
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Figure 1: The one-loop SM predictions for ∆y, ∆yferm, ∆y
SC
ferm, and (∆yferm + ∆y
SC
bos)
as a function of mt. The difference between the curves for ∆y and (∆yferm + ∆y
SC
bos)
corresponds to the small contribution of ∆yIBbos. The experimental value of ∆y, ∆y
exp =
(5.4± 4.3)× 10−3, is indicated by the error band.
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In order to illustrate that the experimentally relevant bosonic corrections to the LEP
observables and the W-boson mass are indeed just given by the contribution of ∆ySCbos, we
have compared in Figs. 2–5 the experimental values of the observables s¯2
W
, Γl, MW±/MZ
with the corresponding theoretical predictions. In Figs. 2a–5a the pure fermion-loop pre-
dictions for various values of the top-quark mass, mt, as well as the full one-loop re-
sults are compared with the experimental data. In both theoretical predictions the lead-
ing two-loop contributions of order O(αsαt) and O(α2t2) have also been included (see
Ref. [3]). Once the bosonic scale-change contribution, ∆ySCbos, is added to the fermion-
loop results, as shown in Figs. 2b–5b, there is complete agreement between theory and
experiment for values of the top-quark mass that are consistent with the empirical value,
mt = 180 ± 12GeV [14], obtained from the direct search. All other bosonic effects, in
particular the vacuum-polarization contributions contained in ∆xbos and εbos, which show
a logarithmic dependence for large values of the Higgs-boson mass, are below experimental
resolution for Higgs-boson masses in the perturbative regime, i.e. below ∼ 1TeV.
The experimental data used in Figs. 2–5 read [13]
Γl = 83.93± 0.14MeV,
s¯2
W
(LEP) = 0.23186± 0.00034,
MW±
MZ
(UA2 + CDF) = 0.8802± 0.0018. (20)
We restrict our analysis to the LEP value of s¯2
W
. Using instead the combined LEP+SLD
value, s¯2
W
= 0.23143±0.00028 [13], does not significantly affect our results. The theoretical
predictions are based on
MZ = 91.1884± 0.0022GeV, (21)
as well as the Fermi constant
Gµ = 1.16639(2) · 10−5GeV−2, (22)
the electromagnetic coupling at the Z-boson resonance,
α(M2Z)
−1 = 128.89± 0.09, (23)
which was taken from the recent updates [15] of the evaluation of the hadronic vacuum
polarization, and the strong coupling
αs(M
2
Z) = 0.123± 0.006, (24)
also taken from Ref. [13].
In Figs. 2a and 2b the volume defined by the data in the three-dimensional (MW±/MZ,
s¯2
W
, Γl)-space corresponds to the 68% C.L. (i.e. 1.9σ). The projections of the 68% C.L. vol-
ume onto the planes of the (MW±/MZ, s¯
2
W
, Γl)-space correspond to the 83% C.L. ellipse
in each plane, while the projections onto the individual axes correspond to the 94% C.L.
there. In addition to the three-dimensional plots in Fig. 2, the projections in each coordi-
nate plane are also shown in separate plots in Figs. 3–5 for better illustration. Comparison
of Figs. 3a–5a with the corresponding plots of Ref. [2], where an analysis based on the 1994
data was carried out, shows that the experimental error has significantly decreased.
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Figure 2a: Three-dimensional plot of the 68% C.L. (1.9σ) ellipsoid of the experimental
data in (MW±/MZ, s¯
2
W
, Γl)-space and comparison with the full SM prediction (connected
lines) and the pure fermion-loop prediction (single line with cubes). The full SM prediction
is shown for Higgs-boson masses of MH = 100GeV (line with diamonds), 300GeV, and
1TeV parametrized by mt ranging from 100–240GeV in steps of 20GeV. In the pure
fermion-loop prediction the cubes also indicate steps in mt of 20GeV starting with mt =
100 GeV. The cross outside the ellipsoid indicates the α(M2Z)-Born approximation with
the corresponding error bars, which also apply to all other theoretical predictions. The
projections onto the coordinate planes, which are included in the plot, are also shown in
Figs. 3a–5a.
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Figure 2b: Three-dimensional plot of the 68% C.L. (1.9σ) ellipsoid of the experimental
data in (MW±/MZ, s¯
2
W
, Γl)-space and comparison with the theoretical prediction obtained
by combining the fermion-loop contribution with the (MH-independent) bosonic correction
∆ySCbos related to the scale change from Gµ to Γ
W
l (compare (9)). The theoretical prediction
is parametrized by mt ranging from 100–240GeV in steps of 20GeV. The projections onto
the coordinate planes, which are included in the plot, are also shown in Figs. 3b–5b.
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Figure 3: Projection of the 68% C.L. (1.9σ) volume of the experimental data in (MW±/MZ,
s¯2
W
, Γl)-space onto the (s¯
2
W
,MW±/MZ)-plane. In Fig. 3a the pure fermion-loop prediction is
indicated by the single line, the squares denote steps of 20GeV in mt. The full SM predic-
tion is shown for Higgs-boson masses of MH = 100GeV (dotted with diamonds), 300GeV
(long-dashed-dotted) and 1TeV (short-dashed-dotted) parametrized by mt ranging from
100–240GeV in steps of 20GeV. Fig. 3b shows the theoretical prediction obtained by
combining the fermion-loop contribution with the (MH-independent) bosonic correction
∆ySCbos.
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Figure 4: Same signature as Fig. 3, but for the (s¯2
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Figure 5: Same signature as Fig. 3, but for the (MW±/MZ, Γl)-plane.
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The fermion-loop predictions in Figs. 2a–5a are based on the approximation
∆x ≈ ∆xferm, ∆y ≈ ∆yferm, ε ≈ εferm. (25)
For mt = 180GeV the pure fermion-loop predictions at one loop read
s¯2
W,ferm = 0.22747∓ 0.00023,(
MW±
MZ
)
ferm
= 0.88358± 0.00013,
Γl,ferm = 85.299± 0.012MeV, (26)
which deviate from the experimental values by −13σ, 1.9σ and 9.8σ, respectively.
The uncertainties of the theoretical predictions are dominated by the error of α(M2Z)
given in (23). In Figs. 2–5 the α(M2Z)-Born approximation,
s20 = 0.23112∓ 0.00023, c0 = 0.87686± 0.00013, Γ(0)l = 83.563± 0.012MeV, (27)
is also indicated for completeness. The error bars shown for the α(M2Z)-Born approxi-
mation of course also apply to the other theoretical predictions. The α(M2Z)-Born ap-
proximation corresponds to a deviation of −2.2σ, −1.9σ and −2.6σ, respectively, from
the experimental data. The fact that the values in (27) are closer to the empirical data
and the full SM predictions than the fermion-loop prediction (26) is a consequence of the
cancellation between fermionic and bosonic contributions in the single parameter ∆ySC as
displayed in Tab. 1.
The comparison of the full SM predictions with the data in Figs. 2a–5a also illustrates
in how far the data are sensitive to variations in the Higgs-boson mass. For fixed values
of mt ∼ 180GeV the intersection of the 68% C.L. (1.9σ) volume with the SM prediction
allows for Higgs masses which span the full range from the experimental lower bound of
∼ 60GeV to about 1TeV. It should also be noted that in the direction in three-dimensional
space in which the MH-dependence (for fixed mt) is sizable also the uncertainty in the
theoretical predictions due to the error in α(M2Z) is large.
3 Radiative corrections in the ΓW
l
-scheme
In the previous section, using the framework of an effective Lagrangian and the specific
parametrization of the radiative corrections in terms of ∆x, ∆y, and ε, we have identified
the experimentally relevant bosonic corrections in the analysis of the precision data with
the contribution of the single effective parameter ∆ySCbos. In the present section we will
formulate this observation in a way that is independent of any specific parametrization
and that makes the physical interpretation of those bosonic corrections that are in fact
tested in current precision experiments more transparent.
As shown in the last section, the parameter ∆ySCbos expresses the effect of using the low-
energy quantity Gµ as input parameter for the analysis of the LEP observables. We will
now demonstrate that these large bosonic corrections could indeed completely be avoided
by expressing the theoretical predictions for the observables s¯2
W
, Γl, MW±/MZ in terms of
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appropriate input parameters being defined at the scale of the vector-boson masses, namely
by using the W-boson width ΓWl instead of the Fermi constant Gµ as input parameter.
In the language of the effective Lagrangian LC given in (4) the use of the input quan-
tity ΓWl instead of Gµ means that the charged-current coupling in (4) is identified with
gW±(M
2
W±) defined via the W-boson width Γ
W
l (see (6)) rather than with gW±(0) defined
via muon decay (see (5)). With this identification the transition between gW±(0) and
gW±(M
2
W±), and accordingly the contribution of ∆y
SC, does not occur. The radiative
corrections to the observables s¯2
W
, Γl, and MW±/MZ are completely contained in the pa-
rameters ∆x, ∆yIB, and ε, in which SM corrections beyond fermion loops do not give rise
to significant contributions.
In this “ΓWl -scheme” the lowest-order values sˆ
2
0, cˆ0, and Γˆ
(0)
l of the observables are
given in terms of the input quantities α(M2Z), MZ, and Γ
W
l as
sˆ20
cˆ0
≡ α(M
2
Z)MZ
12ΓWl
(
1 + c20
3α
4π
)
, cˆ20 ≡ (1− sˆ20), (28)
and
Γˆ
(0)
l =
α(M2Z)MZ
48sˆ20cˆ
2
0
[
1 + (1− 4sˆ20)2
] (
1 +
3α
4π
)
. (29)
The relations between the observables and the effective parameters x, yIB, and ε read
s¯2
W
(
1− s¯2
W
)
=
sˆ20
cˆ0
M3W±
M3Z
yIB − 2sˆ20δ
x+ 2sˆ20δ
(1− ε+ δ) 1(
1 +
s¯2
W
1−s¯2
W
(ε− δ)
) ,
M2W±
M2Z
=
(
1− s¯2
W
) (
x+ 2sˆ20δ
)(
1 +
s¯2
W
1− s¯2
W
(ε− δ)
)
,
Γl =
ΓWl M
3
Z
4M3W±
[
1 +
(
1− 4s¯2
W
)2] x+ 2sˆ20δ
yIB − 2sˆ20δ
(
1 + s20
3α
4π
)
. (30)
The small parameter δ (δ ∼ 10−4 in the SM), which describes parity violation in the
photonic coupling at the Z-boson mass scale, has been defined in Ref. [3]. The relations
(30) are simply obtained from eqs. (16) of Ref. [3], where the observables are expressed in
terms of the input parameters α(M2Z), MZ, and Gµ, by the replacement
Gµ = y
SCΓWl
6
√
2π
M3W±
(
1 + c20
3α
4π
)−1
, (31)
which explicitly illustrates that the contribution of ∆ySC is absorbed by introducing the
“large-scale” quantity ΓWl . Linearizing (30) in ∆x, ∆y
IB, ε, and δ yields
s¯2
W
= sˆ20
[
1 +
cˆ20
2− sˆ20
∆x+
2cˆ20
2− sˆ20
∆yIB +
3sˆ20 − 2
2− sˆ20
ε+ (cˆ20 − sˆ20)δ
]
,
MW±
MZ
= cˆ0
[
1 +
cˆ20
2− sˆ20
∆x− sˆ
2
0
2− sˆ20
∆yIB +
2sˆ20
2− sˆ20
ε
]
,
Γl = Γˆ
(0)
l
[
1− 2
(2− sˆ20) [1 + (1− 4sˆ20)2]
(
(1− 2sˆ20 − 4sˆ40)(∆x+ 2∆yIB)
− 2sˆ20(1− 10sˆ20)ε− 8sˆ40(2− sˆ20)δ
)]
. (32)
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Gµ−scheme ΓWl −scheme
ferm. corr. bos. corr. ferm. corr. bos. corr. exp. error
∆s¯2
W
s¯2
W
/10−3 −15.8 16.3 11.0 1.3 1.5
∆M
W±
M
W±
/10−3 7.7 − 1.6 3.7 0.6 2.0
∆Γl
Γl
/10−3 20.8 −14.3 − 1.8 −1.7 1.7
Table 2: Relative size of the SM fermionic and bosonic one-loop corrections to the
observables s¯2
W
, MW± , and Γl in the Gµ-scheme (input parameters Gµ, MZ, and α(M
2
Z))
and in the simulated ΓWl -scheme (input parameters Γ
W
l = 226.3MeV, MZ, and α(M
2
Z))
for mt = 180GeV and MH = 300GeV. The relative experimental error of the observables
is also indicated.
The relations (32) could in principle be used for a data analysis of the observables
s¯2
W
, Γl, and MW±/MZ in the Γ
W
l -scheme, i.e. with α(M
2
Z), MZ, and Γ
W
l as experimental
input quantities. Assuming (hypothetically) the same experimental accuracy as in the
“Gµ-scheme” (input parameters α(M
2
Z), MZ, and Gµ) and an experimental value of Γ
W
l
being in agreement with the SM prediction, a consistent description of the data in the
ΓWl -scheme would be possible by solely including the pure fermion-loop predictions in the
effective parameters.
At present a data analysis using the ΓWl -scheme would of course not be sensible owing to
the large experimental error in the determination of the W-boson width. From Ref. [16] we
have ΓW,expT = (2.08±0.07)GeV for the total decay width of the W-boson and (10.7±0.5)%
for the leptonic branching ratio. Adding the errors quadratically yields ΓW,expl = (223 ±
13)MeV showing that the experimental error in ΓW,expl at present is more than an order
of magnitude larger than the error in the leptonic Z-boson width (see (20)) and obviously
much larger than the one in Gµ (see (22)).
Even though a precise experimental input value for ΓWl is not available it is nevertheless
instructive to simulate the analysis in the ΓWl -scheme by using the theoretical SM value for
ΓWl as hypothetical input parameter for evaluating (32). For the choice of mt = 180GeV
and MH = 300GeV one obtains Γ
W
l = 226.3MeV as theoretical value of Γ
W
l in the
SM. One should note that our procedure here is technically analogous to commonly used
parametrizations of radiative corrections where, for instance in the on-shell scheme (see
e.g. Ref. [9]), the corrections are expressed in terms of the W-boson mass MW± , while in
an actual evaluation MW± is substituted by its theoretical SM value in terms of α(M
2
Z),
MZ, and Gµ.
In order to illustrate the fact that the replacement of the input quantity Gµ by Γ
W
l
indeed strongly affects the relative size of the fermionic and bosonic contributions entering
each observable, we have given in Tab. 2 the relative values of the SM one-loop fermionic
and bosonic corrections to the observables s¯2
W
, MW± , and Γl in the Gµ-scheme and in the
simulated ΓWl -scheme based on the input value Γ
W
l = 226.3MeV. The size of the radiative
corrections in the two schemes is compared with the relative experimental error of the
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observables (see (20)). Table 2 shows that in the Gµ-scheme the bosonic corrections to
s¯2
W
and Γl are quite sizable and considerably larger than the experimental error. In the
(simulated) ΓWl -scheme, on the other hand, these corrections are smaller by an order of
magnitude and have about the same size as the experimental error. The bosonic contribu-
tions toMW± are smaller than the experimental error in both schemes. It can furthermore
be seen in Tab. 2 that the cancellation between fermionic and bosonic corrections related
to the scale change is not present in the ΓWl -scheme.
The explicit values for the pure fermion-loop predictions of the observables at one-loop
order in the simulated ΓWl -scheme read
s¯2
W,ferm = 0.23154,
(
MW±
MZ
)
ferm
= 0.8813, Γl,ferm = 84.06MeV. (33)
Comparison with the experimental values of the observables given in (20) shows that
there is indeed no significant deviation between the pure fermion-loop predictions in the
simulated ΓWl -scheme and the data, i.e. they agree within one standard deviation. This
has to be contrasted to the situation in the Gµ-scheme, where the pure fermion-loop
predictions differ from the data by several standard deviations (see (26) and Fig. 2a–5a).
In summary, we have demonstrated that after replacing the low-energy quantity Gµ
by the high-energy observable ΓWl in the theoretical predictions for the observables s¯
2
W
,
MW±/MZ, and Γl, no corrections beyond fermion loops are required in order to consistently
describe the data. Although at present, due to the large experimental error in ΓWl , the
so-defined ΓWl -scheme is of no practical use for analyzing these precision data, from a
theoretical point of view it shows that the only bosonic corrections of significant magnitude
are such that they can completely be absorbed by the introduction of the quantity ΓWl . It
is obvious that all results of this section do not depend on any specific parametrization,
such as the description via ∆x, ∆yIB, ε, chosen for analyzing the data. They only rely on
the set of physical observables chosen as input parameters.
4 Conclusions
It is by now a well established fact that the experimental data on the leptonic LEP1
observables Γl, s¯
2
W
and the W-boson mass MW± are sensitive to radiative corrections
beyond pure fermion loops. In this paper we have investigated in detail which standard
electroweak bosonic loop corrections are in fact tested by the experiments.
Starting from an analysis of the radiative corrections in terms of the effective param-
eters ∆x, ∆y, and ε, which quantify different sources of SU(2) violation in an effective
Lagrangian, we have shown that the bosonic corrections needed for an agreement be-
tween the SM predictions and the current precision data can be identified as an effect of
the transition from the low-energy process muon decay to the LEP observables. In the
framework of the effective Lagrangian all experimentally significant bosonic corrections
are contained in the single effective parameter ∆ySC that quantifies the difference between
the charged-current coupling gW±(0) defined via the low-energy process muon decay and
the charged-current coupling gW±(M
2
W±) at the W-boson mass shell. This fact has been
demonstrated not only at the level of the effective parameters, but also by confronting
theory and experiment for the observables Γl, s¯
2
W
, and MW± themselves.
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As a consequence of these investigations, a simple physical interpretation of those
bosonic corrections that are resolved by the current precision experiments can be given.
They are precisely the ones that appear when W-boson decay is expressed in terms of the
input parameter Gµ and can therefore directly be related to the set of physical observ-
ables chosen as input parameters for the data analysis. Upon introducing the high-energy
quantity ΓWl (Γ
W
l -scheme) as input parameter instead of Gµ (Gµ-scheme), the significant
bosonic corrections are completely absorbed when analyzing the high-energy observables
s¯2
W
, Γl, and MW±/MZ. Since the usefulness of Γ
W
l as experimental input parameter is
limited at present due to the large experimental error of the W-boson width, we have
demonstrated this fact by invoking the SM theoretical value of ΓWl as input. Indeed,
no further corrections beyond fermion loops are needed in this case in order to achieve
agreement with the data within one standard deviation.
It is amusing to note that the precision data collected at LEP, i.e. for a neutral-
current process at the Z-boson resonance, provide a test of just those bosonic radiative
corrections that are associated with the charged-current process of W-boson decay. While
the experimentally significant bosonic corrections are insensitive to variations in the Higgs-
boson mass, they provide a highly non-trivial, even though indirect, test of the non-Abelian
gauge structure of the electroweak theory.
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Appendix
A Remainders of ∆ySCbos and ∆y
IB
bos
In Sect. 2 we have split the parameters ∆ySC,IBbos into dominant parts ∆y
SC,IB
bos (dom) and re-
mainder parts containing the MH-dependence, which is numerically completely negligible.
The remainder parts read explicitly
∆ySCbos(rem) =
α(M2Z)
32πc60s
2
0
[
−c
2
0
3
(47c40 − 21c20h+ 6h2)
+
1
c20 − h
(4c80 − 22c60h+ 17c40h2 − 6c20h3 + h4) log
(
c20
h
)
+
1
4c20 − h
h(28c60 − 20c40h + 7c20h2 − h3)f2
(
c20
h
)]
, (A.1)
∆yIBbos(rem) =
α(M2Z)
96πs20
[
−4s
2
0h
c40
(3c20 − h− c20h)
18
+(
10− 18 h
c20
+ 9
h2
c40
− 2h
3
c60
)
log
(
h
c20
)
− (10− 18h+ 9h2 − 2h3) log(h)
−
(
36− 32 h
c20
+ 13
h2
c40
− 2h
3
c60
)
h
4c20 − h
f2
(
c20
h
)
+ (36− 32h+ 13h2 − 2h3) h
4− hf2
(
1
h
)]
, (A.2)
where the shorthand h = M2H/M
2
Z is used. By definition, ∆y
SC,IB
bos (rem) approach asymp-
totically zero for h→∞.
B Auxiliary functions
Here we list the explicit expressions for the auxiliary functions which have been used in
Sect. 2 and App. A for the explicit formulae of the bosonic contributions to ∆ySC and
∆yIB. As defined in Ref. [2], f1,2(x) are given by
f1(x) = Re
[
βx log
(
βx − 1
βx + 1
)]
, with βx =
√
1− 4x+ iǫ,
f2(x) = Re
[
β∗x log
(
1− β∗x
1 + β∗x
)]
. (B.3)
Furthermore, some scalar one-loop three-point integrals have been abbreviated by
C1 = M
2
Z Re
[
C0(0, 0,M
2
Z, 0,MZ, 0)
]
= −π
2
12
= −0.8225,
C2 = M
2
Z Re
[
C0(0, 0,M
2
Z, 0,MW, 0)
]
=
π2
6
− Re
[
Li2
(
1 +
1
c20
)]
= −0.8037,
C3 = M
2
Z Re
[
C0(0, 0,M
2
Z,MW, 0,MW)
]
= Re

log2

i
√
4c20 − 1− 1
i
√
4c20 − 1 + 1



 = −1.473,
C6 = c
2
0M
2
Z Re
[
C0(0, 0,M
2
W±, 0,MZ, 0)
]
=
π2
6
− Re
[
Li2
(
1 + c20
)]
= −0.8067,
C7 = c
2
0M
2
Z Re
[
C0(0, 0,M
2
W±,MW±, 0,MZ)
]
= − log
[
1
2
(
1 + i
√
4c20 − 1
)]
log
[
1
2
(
1− i
√
4c20 − 1
)]
= −0.9466, (B.4)
with the dilogarithm
Li2(x) = −
∫ x
0
dt
t
log(1− t), −π < arc(1− x) < π. (B.5)
The first three arguments of the C0-function label the external momenta squared, the last
three the inner masses of the corresponding vertex diagram.
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